Abstract. In this paper, we study the Lebesgue property for convex risk measures on the class of bounded càdlàg processes. For that, we characterize the compact subsets of a family of bounded variation processes, which is, of course, the topological dual of the bounded càdlàg processes, in an appropriate topology. We show that the Lebesgue property can be characterized in several equivalent ways.
1. Introduction. The Fatou property and the Lebesgue property appear in the context of Locally Solid Riesz Spaces. A Locally Solid Riesz Space has the Fatou property if the semi-norms generating its topology are continuous from below and it has the Lebesgue property if the semi-norms are continuous from above (see Aliprantis and Burkinshaw [1] ). While these properties are well studied in the context of Locally Solid Riesz Spaces, they enter financial mathematics literature with slightly different definitions. Delbaen [6] introduces the Fatou property for a coherent risk measure as continuity with respect to decreasing sequences. Föllmer and Schied [8] similarly extend the definition of the Fatou property to a convex risk measure. Jouini, Schachermayer and Touzi [10] introduce the Lebesgue property for a convex risk measure as continuity with respect to increasing sequences. Coherent risk measures for finite probability spaces are introduced in Artzner et al. [2] and extended to general probability spaces in Delbaen [6] . In Föllmer and Schied [8] , the authors define a more general notion of convex risk measures and extend the representation results of Delbaen [6] . In Cheridito et al. [4, 5] , the authors study convex risk measures for bounded càdlàg processes. They introduce the Fatou property in this new setting and come up with the same representations results that have been established for convex risk measures on the space of bounded random variables.
In this paper, we extend the definition of the Lebesgue property to the space of bounded càdlàg processes. We characterize the risk measures with the Lebesgue property in several equivalent ways. Our main goal is to find equivalent conditions for the Lebesgue property in terms of conditions that can be readily verified, which easily allows us to identify this property for complicated yet interesting convex risk measures. The Lebesgue property allows us to approximate a convex risk measure for bounded càdlàg process X with the risk associated with a uniformly bounded sequence X n converging to X. This is important when we deal with a time discretization of a finite time horizon. This type of approximation can only be carried out using the Fatou property if the approximating processes are decreasing sequences, which cannot always be carried out with time discretization. Having the Lebesgue property, we only need a uniformly bounded sequence of approximating processes. This will be discussed in Section 4. The other important feature of the Lebesgue property is that the maximum is attained in the so-called Fenchel representation of a convex risk measure. This important property can be used in many optimization problems.
The paper is organized as follows. In Section 2, we recall basic definitions and results for convex risk measures of random variables, and for a class of càdlàg processes. In particular, we state two results: one related to the Fatou property for risk measures on the spaces of bounded càdlàg processes, and another one related to the Lebesgue property for risk measures on the space of bounded random variables. We present the main results of the paper in Section 3. We pay particular attention to characterizing relatively compact subsets of a given dual space, and to characterizing the Lebesgue property. Furthermore, we present an extended version of James' Theorem. In Section 4, we give some examples of risk measures with the Lebesgue property.
2. Preliminaries and remarks. Let (Ω, F , P) be a standard and atom-less probability space and let (F t ) 0≤t≤T be a filtration with the usual conditions. Furthermore, assume that L 1 (Ω, F ) has a countable dense subset. In [4, 5] the authors developed the theory of convex risk measures on the space of R p consisting of stochastic processes on [0, T ] that are càdlàg, adapted and such that X * = sup
with the norm 
Note that
The subset A q + of A q consisting of a = (a pr , a op ) with both components non-negative and non-decreasing, will be important in the sequel.
Further, let D σ be the members of
For two random process X and W , by X ≤ W we mean that there exists a set Ω ′ of measure one such that
Definition 2.1. A convex risk measure ρ on R ∞ is a mapping from R ∞ to R such that for any X, W ∈ R ∞ : 
In Cheridito et al [4] it is proven that a risk measure ρ has the Fatou property if and only if it has the following representation
for some penalty function γ. Recall that γ is a penalty function if γ :
Moreover, in each case, the conjugate function ρ * , restricted to D σ , and defined by
is a penalty function which is smaller than γ and γ can be replaced by ρ * in (2.2).
Remark 2.1. As mentioned in [4] , ρ * restricted to D σ equals ρ # defined as follows:
where
is the acceptance set of ρ. This implies that
The following corollary is also taken from [4] . 
In general Q is not unique. An appropriate choice for Q is dom(ρ 
Furthermore, extend the duality relation (2.1) by setting
Remark 2.2. Following discussions in Remark 3.7 . in [4] we know that there exist a continuous mapping 
q which is also adapted, one has
Throughout this paper we focus our attention to the case p = ∞. The case p < ∞ can be carried out in an easier fashion, which is left to reader. 
and a static minimal penalty,
We know from [6] thatρ can be represented as
Indeed its optional projection, see [7] where
In the following we see the relation between the static minimal penalty and the minimal static penalty, but before recall that Π op and Π pr denote the optional and predictable projections, respectively, see [7] .
Theorem 2.1. For every risk measure ρ : R ∞ → R the static minimal penalty equals the minimal static penalty i.e.
Proof. First of all, we show that ρ # is a convex and lower semi-continuous function
where in the second inequality we use the convexity of ρ * . Taking the infimum over all b, c for which Var(b) = g and Var(c) = h, we have the convexity of ρ # . Let X ∈ R ∞ and define φ(f ) = sup
Let 0 < ǫ ≤ 1 and define X ǫ as
It is clear that X ǫ is a càdlàg process and then inR
Thus, θ ǫ is a random time and not necessarily a stopping time. It is also clear that
Var(a ǫ ) = f . From the definition of φ, X ǫ and θ ǫ we have
On the other hand it is clear that
This inequality along with the previous one yield
In general when X > 1 is not necessarily true, it is easy to see that
This relation along with the previous discussions yields that ρ # is the supremum of a family of linear lower semi-continuous functions on D σ . This implies that ρ # is a lower semi-continuous function on D σ . On the other hand we have
where in the third equation we use the definition of supremum and Remark 2.3. Now let g ∈ D σ , since ρ # is a convex lower semi continuous function and a supremum of linear functions on D σ , we have 
3. Main results. In [10] it is shown that having the Lebesgue property for a convex risk measure with the Fatou property is equivalent to the weak compactness of lower contour sets of the conjugate function. In their proof, the author of [10] use the fact that for any uniformly integrable set P ⊆ L 1 and uniformly bounded sequence Y n converging in probability to Y we have:
In order to extend the Lebesgue property to bounded càdlàg process risk measures, we need to find an analog of (3.1) for the space of bounded càdlàg processes. Uniform integrability is equivalent to relative compactness in the weak topology for L 1 , so we could use the σ(A 1 , R ∞ ) relatively compact set of A 1 instead. Here it is worthwhile to mention that the Dunford-Pettis Theorem, which has the same spirit, states that for any two sequences f n in L 1 and Y n in the dual space L ∞ , converging weakly to f, Y respectively, the sequence E[f n Y n ] converges to E[f Y ]. Therefore, knowing the σ(A 1 , R ∞ )-compact subsets of A 1 would allow us to characterize the Lebesgue property for convex risk measures on R ∞ . This characterization, when restricted to L ∞ , yields the characterization in [10] . This can be carried out with the embedding i :
On the other hand, we find that the compactness of a set Q in the topology σ(A 1 , R ∞ ) is related to the compactness of Var(Q), the variation of Q.
In the following we first state our main result, characterizing the Lebesgue property for convex risk measures, and then give the characterization of the relatively compact subsets of 
(L5) ρ always attains its maximum in (2.3) .
(L6)ρ has Lebesgue property.
(L7)ρ is continuous from below, i.e., for every sequence
(L10)ρ always attains its maximum in (2.10).
Proof. The implications (L6) ⇔ (L7) ⇔ (L8) ⇔ (L9) ⇔ (L10) are directly conclusion of Theorem 5.2 in [10] .
The implication (L1) ⇒ (L2) ⇒ (L7) can be easily concluded by using the definition of the Lebesgue property and the definition ofρ. 
(L4) ⇒ (L1). First we assume that ρ is positively homogeneous. With this assumption, for every real number c the set {a ∈ D σ |ρ # (a) ≤ c} is equal to {a ∈ D σ |ρ # (a) = 0}. We denote this set by Q.
Let X n be a bounded sequence in R ∞ for which for some X ∈ R ∞ , (X n − X) * P − → 0. Since ρ is positively homogeneous (therefore sub-additive) and also decreasing we have
This inequality allows us to assume that X n ≤ 0 , X = 0 and (X n ) * P − → 0. Using assumption (L2), Q is relatively compact in the topology σ(A 1 , R ∞ ). Therefore, 
Now consider that the convex function ρ is not necessarily positive homogeneous. Let X n and X be bounded in R ∞ such that (X n − X) * P − → 0 (we adopt this part of the proof from the proof of Theorem 5.1 [10] ). Since X n is uniformly bounded then there is a bounded sequence c n ∈ R + and a positive number ε such that:
Let c be a cluster point of c n and I ⊆ N such that |c n − c| < ε for all n ∈ I. Let ρ 1 (X) := sup {ρ # (a)≤c+ε} −X, a . Since ρ 1 is positively homogeneous, it has the Lebesgue property. Now we have
Since ε > 0 is arbitrary the proof is complete.
uniformly bounded, it is also uniformly integrable and consequently
for all c > 0. We used Jensen's and Doob's inequalities, in the first and second inequalities respectively.
. From the Lebesgue property it turns out that ρ(X n ) → ρ(X), which by definition gives the Lebesgue property forρ.
, for all 0 < ǫ ≤ 1, where Const(X) is a real number only depending on X. Since ǫ can be chosen small enough, one can see that ρ(X) = sup {a∈Dσ|ρ * (a)≤Const(X)} {− X, a − ρ * (a)}. By our assumption {a ∈ D σ |ρ * (a) ≤ Const(X)} is compact. Now {a 1 n } n∈N is a sequence in {a ∈ D σ |ρ * (a) ≤ Const(X)}, which by compactness, has a subsequence {a 1 n k } tending to some a ∈ {a ∈ D σ |ρ * (a) ≤ Const(X)}. Taking lim inf of both sides of ρ(X) ≤ − X, a
n , by lower semi-continuity of ρ * we get ρ(X) ≤ − X, a − ρ * (a). On the other hand by (2.2) we have ρ(X) ≥ − X, a − ρ * (a) which implies ρ(X) = − X, a − ρ * (a).
. This implies that for every a with Var(a) = Var(a
which by Theorem 2.1 yields
, which showsρ attains its maximum at Var(a X ).
Theorem 3.2. The following conditions are equivalent:
(C3) Q is bounded and for all ε > 0 there exists η > 0 such that for all X ∈ R ∞ bounded by 1 and with E[X * ] ≤ η, we have
Proof. (C2) ⇒ (C1) We define a topology on R ∞ , generated by a family of semi-norms. For any weakly relatively compact subset P in L 1 let
and define the associated semi-norm for P on R ∞ with
This topology is compatible with the vector structure because all V (P)'s are bounded. We denote this topology by σ 1 . Let (R ∞ ) ′ be the dual of R ∞ with respect to the topology σ 1 . It is clear that
Let µ be an arbitrary element of (R ∞ ) ′ and X n be a non-negative sequence of uniformly bounded members in R ∞ such that (X n ) * P − → 0. By (3.1), we have
−→ 0 and therefore µ(X n ) → 0. This shows that µ is finitely additive. Also from (3.3) it yields that the functional µ is order bounded (i.e., for every W , sup {U≤W } µ(U ) < ∞). Since R ∞ is a Riesz space, from the general theory of Riesz spaces µ can be decomposed into the difference of its positive and negative parts (for example see Aliprantis and Burkinshaw [1] , Theorem 3.3). Let µ + be the positive part. By definition of the positive part, for any X ≥ 0 , µ
X n be a positive and decreasing sequence for which (X n ) * ↓ 0 in probability. Let
Given Theorem 2 of chapter VII in [7] , one deduces that µ + ∈ A 1 . Similarly µ − ∈ A 1 and therefore µ ∈ A 1 . This completes the proof that
The Corollary to Mackey's Theorem 9, section 13, chapter 2 [9] leads us to
is the Mackey topology. Just to recall, Mackey's topology is a topology generated with a basis of open sets around the origin defined as
By polarity (which is decreasing with respect to inclusion) we have that {X|P P (X) ≤ 1}
•
• . From the generalized Bourbaki-Alaoglu Theorem we know that the polar set of every open set in (R ∞ , σ 1 ), which we know has A 1 as its dual, is
Thus, G is a bounded set in the topology σ(R ∞ , A 1 ). Indeed, this is true since for every a ∈ A 1 we have | X, a | ≤ E[X * ]Var(a) ≤ Var(a). This implies that for every relatively compact subset Q in σ(
Indeed, X → sup a∈Q X, a is a semi-norm from which the Mackey topology is generated.
Since by Mackey's Theorem 9, section 13, chapter 2, [9] , τ (A 1 , R ∞ ) has the same dual as σ( [7] ) and that Π * is a continuous mapping fromÂ q to A q .
We complete the section by stating a result which is a form of James' Theorem for the duality (A q , R p ). Indeed, for the case 1 ≤ p < ∞ following the same idea as in Remark 3.1, one comes up with the result. However, for the case p = ∞ we need the following theorem Theorem 3.3 (James' Theorem for ( 
This fact with James' Theorem implies that Var(Q) is weakly compact. Now by Theorem 3.2 we deduce that Q is compact in σ(A 1 , R ∞ ).
Examples of risk measures with Lebesgue property.
In this section we present the first series of examples. In the sequel we will see how our results can help to figure out whether a convex risk measure has the Lebesgue property or not.
Before giving examples, we show how the Lebesgue property can be used in order to approximate the risk. Let X be a random process in R ∞ . A natural way of approximating this process within a time discretization is to construct the following sequence
It is clear that since X is a càdlàg process, (X n − X) * converges to zero in probability. Now, for a convex risk measure ρ with Lebesgue property we have that ρ(X n ) → ρ(X). This is no longer true if we only know that the risk measure has the Fatou property. Actually having the Fatou property, we can only say that ρ(X n ) converges to ρ(X) if X n decreases to X. On the other hand, as a decreasing sequence, we cannot choose
which is no longer adapted. As one can see, the Lebesgue property is a very strong assumption in approximating risk. In what follows, interestingly we will see that many important examples have the Lebesgue property which enables us to approximate.
In the following discussions, the first two examples are taken from [5] . The third one is the Snell envelope of a random process which is used in pricing an American option. In the fourth example we introduce for the first time a Cumulative-Stopping risk measure. This risk measure, besides having a very natural structure, provides us an exact formula for allocation when we deal with an α-stable random process.
In the sequel P σ is a subset of
Example. Let Θ be a set of stopping times and ρ be defined as follows
For example, Θ can be a ruin time or the time that insurance surplus hits a specific barrier (see for instance [3] ). Also, Θ can be the set of exercising times of an American option.
It is easy to see that
By Remark 2.4, the static risk is calculated as
According to Theorem 3.1,ρ has the Lebesgue property iff
is uniformly integrable. Therefore, by Theorem 3.1, ρ has Lebesgue property iff the above set is uniformly integrable. In particular, it has Lebesgue property when P σ is uniformly integrable. In other words, ρ has Lebesgue property if ρ σ does.
Example. For any random variable f ∈ P σ ⊆ D σ and stopping time θ ∈ Θ, define the random process f θ as follows: The process ρ t (X) is the smallest super-martingale larger than −X which is called the Snell envelope of −X, see, e.g., [5] . Now for any measurable set A ∈ F S define (4.6) ρ A S (X) = E ρ S (X)1 A .
It is exactly equivalent to put P σ = 1 P(A) 1 A and Θ = Θ S in Example 1. From Example 1 we know that ρ A S has the Lebesgue property. Since the choice of A ∈ F S is arbitrary, then by (4.6), we have that for each stopping time S the Snell envelope ρ S (X) is continuous in the weak star topology. In particular, setting ρ t = ρ Ω t , then ρ t (X n ) → ρ t (X) when (X n − X) * → 0. This shows how one can approximate the price of an American option in continuous time by time discretization.
Cumulative-stopping risk. Let ρ σ be a risk measure on L ∞ . A natural way to assess the risk of a random process is the average of the risk over the time interval, i.e. 1 T T 0 ρ σ (X s )ds. On the other hand, let us suppose that there exists a stopping time (or a general random time) which shows some crucial moments, important for the risk user. Then a way to measure the risk of a random process X in R ∞ is to calculate (4.7)
ρ(X) = will work and it is a mixture risk measure.
It is not very difficult to see that when the risk measure ρ σ has the Fatou property then also does ρ. It means that when ρ σ has a representation like (2.10) then ρ has a representation like (2.2) (with D σ ∩ A 1 instead of D σ ). On the other hand, the convex risk ρ has the Lebesgue property iff ρ σ does. Actually this follows from part (L5) of Theorem 3.1.
